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Abstract: We analyze the constraints of Christ-Lee model by the means of modified
Faddeev-Jackiw formalism in Cartesian as well as polar coordinates. Further, we accomplish
quantization a` la Faddeev-Jackiw by choosing appropriate gauge conditions in both the
coordinate systems. Finally, we establish gauge symmetries of Christ-Lee model with the
help of zero modes of the symplectic matrix.
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1 Introduction
The conventional method of quantization is not directly applicable to the dynamical systems
with singular Lagrangian or systems embedded with inherent constraints. Dirac proposed
a formalism for such systems and introduced the concept of Dirac brackets. Dirac formal-
ism also introduces the classification of constraints into different classes such as primary,
secondary, tertiary, etc. and further into first-class and second-class [1]. Although this
formalism does the designated task, but it is found to be tedious in some cases.
However, an alternative approach, which is geometrically motivated and make use of the
symplectic structure of the phase space, was introduced by Faddeev and Jackiw [2]. In this
formalism, all the constraints are treated on equal footing without any further classification.
One of the main requirements of this formalism is the necessity of the first-order Lagrangian
describing the system. The constraints are obtained from the zero modes of the symplectic
two-form matrix and further they are incorporated in the Lagrangian in an iterative manner
till all the constraints in the theory are eliminated (see, e.g. [3, 4]). The brackets among
basic fields, obtained from the inverse of the non-singular symplectic two-form matrix,
coincides with that procured from the Dirac formalism [5]. In the modified Faddeev-Jackiw
formalism the consistency condition of constraints along with the symplectic equations of
motion is used to derive new constraints (cf. [6, 7, 8, 9] for details).
The Faddeev-Jackiw formalism of symplectic analysis is applied in various cases such
as four dimensional Pontryagin and Euler invariant [10], four dimensional BF theory [11],
topologically massive AdS gravity [12], three dimensional (non-)Abelian exotic action for
gravity [13] and also in higher-derivative theories [14]. Furthermore, Faddeev-Jackiw quan-
tization for constrained system is also implemented in path integral framework [15].
On the other hand, Christ-Lee model is one of the simplest examples of a singular system
described in the classical regime in three dimensional space [16, 17]. Being a constrained
(singular) system, it has been studied in the framework a` la Dirac which shows the existence
of a set of two independent first-class constraints [17]. These first-class constraints, in turn,
implies that the underlying theory is a gauge theory. As far as quantization of this model
is concerned there are two specific gauge choices depending upon the coordinate system in
which the model is explored [16, 17].
The various aspects of Christ-Lee model has been exclusively explored such as quanti-
zation in the framework of path integral formulation [18] and using WKB approximation
[19]. This model is also being studied in the framework of BRST formalism [17]. In one of
the recent works, the existence of (anti-)co-BRST symmetries, bosonic and discrete sym-
metries have been established [20]. This, in turn, implies the Christ-Lee model as a simple
model for the Hodge theory [20, 21, 22]. Moreover, these (anti-)BRST and (anti-)co-BRST
symmetries are derived within the framework of augmented supervariable approach [23].
The main motivation behind our present investigation is to explore Christ-Lee model
in a geometrically motivated formalism and deduce its constraint structure. Second, to
quantize this model and procure all the basic brackets within the framework of modified
Faddeev-Jackiw formalism. Finally, we wish to obtain the gauge transformations and pro-
vide physical interpretation to the Lagrange multipliers present in the theory.
The content of this paper is organized as follows. Section 2 deals with the derivation
of constraints of Christ-Lee model, in polar coordinates, with the aid of modified Faddeev-
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Jackiw formalism. We also obtain the full set of basic brackets of the theory and establish
the gauge transformations. Our section 3 gives a detail account about the constraints
and basic brackets of Christ-Lee model, in Cartesian coordinates, within the framework
of modified Faddeev-Jackiw approach. We also list out the gauge transformations and
provide a new interpretation for the Lagrange multipliers present in the model. Finally, we
summarize our results and furnish some future directions in Section 4.
2 Christ-Lee Model in Polar Coordinates: Faddeev-
Jackiw Quantization
We begin with the Lagrangian of Christ-Lee model, in polar coordinates, as described by
[16]
L =
1
2
r˙2 +
1
2
r2(θ˙ − z)2 − V (r), (1)
where r˙ and θ˙ represents the generalized velocities and z is a generalized coordinate. The
canonical conjugate momenta corresponding to the generalized coordinates r, θ and z are
given, respectively, as
Pr =
∂L
∂r˙
= r˙, Pθ =
∂L
∂θ˙
= r2θ˙ − r2z, Pz = 0. (2)
The Hamiltonian of the system derived from the above Lagrangian is given by
H =
P 2r
2
+
P 2θ
2r2
+ Pθz + V (r). (3)
To make use of Faddeev-Jackiw formalism we need to express the above Lagrangian in the
first-order form. Thus, the first-order Lagrangian is [20]
L
(0)
f = r˙Pr + θ˙Pθ − V
(0), (4)
where V (0) denotes following symplectic potential
V (0) =
P 2r
2
+
P 2θ
2r2
+ zPθ + V (r). (5)
In this formalism, the equations of motion are derived in terms symplectic matrix f
(0)
ij in
the following manner
f
(0)
ij ζ˙
j =
∂V (0)(ζ)
∂ζ i
, (6)
where the symplectic matrix is given by
f
(0)
ij =
∂aj(ζ)
∂ζ i
−
∂ai(ζ)
∂ζj
, with ai =
∂L
∂ζ˙i
. (7)
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Now, the set of symplectic variables are
ζ (0) = {r, Pr, θ, Pθ, z} . (8)
Therefore, the components of symplectic one-form can be computed with the help of (7)
and are listed below:
a(0)r = Pr, a
(0)
Pr
= 0, a
(0)
θ = Pθ, a
(0)
Pθ
= 0, a(0)z = 0. (9)
Thus, the deduced symplectic matrix (f
(0)
ij ) takes following form
f
(0)
ij =


0 −1 0 0 0
1 0 0 0 0
0 0 0 −1 0
0 0 1 0 0
0 0 0 0 0

 , (10)
here f
(0)
ij is singular matrix. The presence of singular matrix indicate that the system
contains constraints. Thus, zero-mode of the matrix is calculated as (ν(0))T = (0, 0, 0, 0, vz),
where vz is an arbitrary constant. In the view of Faddeev-Jackiw formalism, this zero mode
will give rise to the constraint in the system:
Ω(0) = (ν(0))T
∂V (0)(ζ)
∂ζ (0)
= 0 =⇒ Ω(0) = νzPθ = 0. (11)
Now we employ the modified Faddeev-Jackiw method to deduce new constraints in the the-
ory. Here we make use of the consistency condition of constraints which is analogous to the
‘Dirac-Bergmann’ approach to derive the same. So, according to the modified formalism,
we have
Ω˙(0) =
∂Ω(0)
∂ζ i
ζ˙ i = 0. (12)
Combining (6) and (12) we obtain
f
(1)
kj ζ˙
j = Zk(ζ), (13)
where
f
(1)
kj =
(
f
(0)
ij
∂Ω(0)
∂ζi
)
, Zk(ζ) =
(
∂V (0)(ζ)
∂ζi
0
)
. (14)
Now calculating the symplectic matrix f
(1)
kj yields
f
(1)
kj =


0 −1 0 0 0
1 0 0 0 0
0 0 0 −1 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0


. (15)
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Even though the matrix f
(1)
kj is a non-square matrix, it has a zero-mode. The zero-mode of
the above matrix is (ν(1))T = (0, 0, 1, 0, vz1, 1), where v
z
1 is an arbitrary constant. Multiplying
(ν(1))T to (13), gives the constraints in the model when evaluated with the condition Ω(0) =
0. So, we have
(ν(1))TZk(ζ)|Ω(0)=0 = 0 =⇒ ν
z
1Pθ|Ω(0)=0 = 0, (16)
which gives identity. Therefore, there is no further constraints present in the theory. Now
we introduce the obtained constraint into the first-order Lagrangian using Lagrange mul-
tiplier (λ), as follows
L
(1)
f = r˙Pr + θ˙Pθ + λ˙Pθ − V
(1), (17)
where
V (1) = V (0)|Pθ=0 =
Pr
2
2
+ V (r). (18)
The set of first-iterated symplectic variables (ζ (1)) are
ζ (1) = {r, Pr, θ, Pθ, λ}, (19)
and the respective symplectic one-forms are listed below:
a(1)r = Pr, a
(1)
Pr
= 0, a
(1)
θ = Pθ, a
(1)
Pθ
= 0, a
(1)
λ = Pθ. (20)
The first-iterated symplectic matrix is calculated accordingly and found to be
f
(1)
ij =


0 −1 0 0 0
1 0 0 0 0
0 0 0 −1 0
0 0 1 0 1
0 0 0 −1 0

 , (21)
where f
(1)
ij is still a singular matrix. As there is no further constraints in theory and the
symplectic matrix is still singular indicate that the system has a gauge symmetry.
Thus, in order to quantize the underlying theory we choose the gauge condition θ = 0
[16, 17] and introduce it into the Lagrangian with the help of a Lagrange multiplier (ρ)
L
(2)
f = r˙Pr + θ˙Pθ + λ˙Pθ + ρ˙θ − V
(2), (22)
where
V (2) = V (1)|θ=0 =
Pr
2
2
+ V (r). (23)
Now the set of second-iterated symplectic variables are
ζ (2) = {r, Pr, θ, Pθ, λ, ρ}, (24)
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with the symplectic one-forms are given by
a(2)r = Pr, a
(2)
Pr
= 0, a
(2)
θ = Pθ, a
(2)
Pθ
= 0, a
(2)
λ = Pθ, a
(2)
ρ = θ. (25)
Thus, the second-iterated symplectic matrix can be constructed in the following fashion
f
(2)
ij =


0 −1 0 0 0 0
1 0 0 0 0 0
0 0 0 −1 0 1
0 0 1 0 1 0
0 0 0 −1 0 0
0 0 −1 0 0 0


, (26)
which is obviously a non-singular matrix. So, it’s inverse can be calculated as
(f
(2)
ij )
−1 =


0 1 0 0 0 0
−1 0 0 0 0 0
0 0 0 0 0 −1
0 0 0 0 −1 0
0 0 0 1 0 1
0 0 1 0 −1 0


. (27)
The components of the inverse matrix (f
(2)
ij )
−1 directly gives the basic brackets in the
theory. Thus, the basic brackets in the theory are
{r, Pr} = 1 = −{Pr, r}, {λ, Pθ} = 1 = −{Pθ, λ}, (28)
{ρ, θ} = 1 = −{θ, ρ}, {λ, ρ} = 1 = −{ρ, λ}.
As we have already mentioned that the first-iterated symplectic matrix (f
(1)
ij ), which
turns out to be a singular matrix (cf. (21)), indicate that the underlying theory is a gauge
theory. The zero mode of this singular symplectic matrix will act as the generators of the
gauge symmetry [13]. Thus, the gauge transformations (δ) of the Christ-Lee model, in the
polar coordinates, can be deduced as follows
δθ = κ(t), δz = κ˙(t), δ[r, Pr, Pθ] = 0, (29)
here κ(t) denotes the infinitesimal parameter of transformation. It is straightforward to
verify that our first-order Lagrangian (L
(0)
f ) remains invariant under this set of gauge trans-
formations.
2.1 Interpretation of Lagrange Multipliers
In Faddeev-Jackiw formalism the brackets among the Lagrange multipliers and basic coordi-
nates do exist unlike the Dirac formalism where the brackets involving Lagrange multipliers
do not appear. So, to obtain new information about these Lagrange multipliers, we recall
symplectic equations of motion from (22)
f
(2)
ij ζ˙
(2)j =
∂V (2)(ζ)
∂ζ (2)i
, (30)
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

0 −1 0 0 0 0
1 0 0 0 0 0
0 0 0 −1 0 1
0 0 1 0 1 0
0 0 0 −1 0 0
0 0 −1 0 0 0




r˙
P˙r
θ˙
P˙θ
λ˙
ρ˙


=


∂V
∂r
Pr
0
0
0
0


. (31)
From above relationship, we have
λ˙ = −θ˙, ρ˙ = P˙θ. (32)
From the above equations, we can infer that λ can be represented in the terms of one of the
coordinates in the theory whereas ρ can be depicted in term of the momenta corresponding
to that coordinate.
3 Christ-Lee Model in Cartesian Coordinates :
Faddeev-Jackiw Quantization
The Lagrangian describing dynamics of the Christ-Lee model in Cartesian coordinate sys-
tem is given by [16, 17]
L˜ =
x˙
2
2
+
y˙
2
2
− z(xy˙ − yx˙) +
1
2
z2(x2 + y2)− V (x2 + y2), (33)
where x˙ and y˙ are generalized velocities and z denotes the generalized coordinate. The
canonical conjugate momenta corresponding to the generalized coordinates are listed below
Px = x˙+ zy, Py = y˙ − zx, Pz = 0. (34)
The Hamiltonian of the system can be obtained in the following fashion
H˜ =
Px
2
2
+
Py
2
2
− z(Pxy − Pyx) + V (x
2 + y2). (35)
Before studying the system in the Faddeev-Jackiw formalism, we express the Lagrangian
in the first-order form where no quadratic time derivative terms are present, as
L˜
(0)
f = Pxx˙+ Pyy˙ − V˜
(0), (36)
with
V˜ (0) =
Px
2
2
+
Py
2
2
+ z(Pyx− Pxy) + V (x
2 + y2). (37)
The symplectic equations of motion derived in terms of symplectic matrix f˜
(0)
ij is given as
f˜
(0)
ij
˙˜
ζj =
∂V˜ (0)(ζ˜)
∂ζ˜ i
. (38)
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Here, we identify the set of symplectic variables in the theory as:
ζ˜ (0) = {x, Px, y, Py, z} , (39)
with the components of symplectic one-form, calculated according to (7), are
a˜(0)x = Px, a˜
(0)
Px
= 0, a˜(0)y = Py, a˜
(0)
Py
= 0, a˜(0)z = 0. (40)
Now, we determine the symplectic two-form matrix as (cf. (7))
f˜
(0)
ij =


0 −1 0 0 0
1 0 0 0 0
0 0 0 −1 0
0 0 1 0 0
0 0 0 0 0

 , (41)
which is obviously a singular matrix. So it indicate the presence of constraints in the model.
The zero-mode of the above symplectic matrix is obtained as (ν˜(0))T = (0, 0, 0, 0, v˜z), where
v˜z is an arbitrary constant. As Faddeev-Jackiw formalism suggests that the zero mode of
f˜
(0)
ij give rise to the constraints in the system, so from the equations of motion, zero mode
of symplectic matrix produces
Ω˜(0) = (ν˜(0))T
∂V˜ (0)(ζ˜)
∂ζ˜ (0)
= 0, (42)
where
∂V˜ (0)(ζ˜)
∂ζ˜ (0)
=


zPy + 2V x
Px − zy
−zPx + 2V y
Py + zx
xPy − yPx

 . (43)
Now, with the aid of (42) and (43), we obtain following constraint in the system
Ω˜(0) = ν˜z(xPy − yPx) = 0. (44)
Furthermore, we make use modified Faddeev-Jackiw formalism in order to deduce new
constraints in the theory. The consistency condition of obtained constraint (Ω˜(0)) gives rise
to the following condition
˙˜Ω(0) =
∂Ω˜(0)
∂ζ˜ i
˙˜
ζ i = 0. (45)
Combining these (38) and (45), we have
f˜
(1)
kj
˙˜
ζj = Z˜k(ζ˜), (46)
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where
f˜
(1)
kj =

 f˜ (0)ij
∂Ω˜(0)
∂ζ˜i

 , Z˜k(ζ˜) =
(
∂V˜ (0)(ζ˜)
∂ζ˜i
0
)
. (47)
Thus, we obtain following symplectic matrix
f˜
(1)
kj =


0 −1 0 0 0
1 0 0 0 0
0 0 0 −1 0
0 0 1 0 0
0 0 0 0 0
Py −y −Px x 0


. (48)
This symplectic matrix is a non-square matrix. The calculation of zero-mode of the above
matrix gives (ν˜(1))T = (−αy,−αPy, αx, αPx, v˜
z
1, α), where α and v˜
z
1 are arbitrary constants.
Multiplying (ν˜(1))T to (46) gives rise to new constraints in the theory.
(ν˜(1))T Z˜k|Ω˜(0)=0 = 0 =⇒ v˜
z
1(xPy − yPx)|Ω˜(0)=0 = 0. (49)
Thus, we obtained identity. So there is no further constraints present in the theory. Now,
following Faddeev-Jackiw formalism, we introduce this constraint into the Lagrangian with
the help of Lagrange multiplier (λ), as
L˜
(1)
f = Pxx˙+ Py y˙ + (xPy − yPx)λ˙− V˜
(1), (50)
where
V˜ (1) = V˜ (0)|(xPy−yPx)=0 =
Px
2
2
+
Py
2
2
+ V (x2 + y2). (51)
The first-iterated set of symplectic variables are chosen to be
ζ˜ (1) = {x, Px, y, Py, λ} , (52)
and accordingly symplectic one-forms are being calculated as listed below
a˜(1)x = Px, a˜
(1)
Px
= 0, a˜(1)y = Py, a˜
(1)
Py
= 0, a˜
(1)
λ = xPy − yPx. (53)
Thus, we acquire the first-iterated symplectic two-form matrix
f˜
(1)
ij =


0 −1 0 0 Py
1 0 0 0 −y
0 0 0 −1 −Px
0 0 1 0 x
−Py y Px −x 0

 . (54)
The matrix f˜
(1)
ij is a singular matrix. So the presence of singular symplectic matrix and
absence of new constraints in the theory suggests that the system has a gauge symmetry.
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As far as the quantization of Christ-Lee model, in Cartesian coordinates, is concerned
we choose a gauge y = 0 [16, 17]. We incorporate this gauge condition into the first-iterated
Lagrangian by means of a Lagrange multiplier (ρ), as
L˜
(2)
f = Pxx˙+ Pyy˙ + (xPy − yPx)λ˙+ yρ˙− V˜
(2), (55)
where
V˜ (2) = V˜ (1)|y=0 =
Px
2
2
+
Py
2
2
+ V (x2). (56)
Now the second-iterated set of symplectic variables are
ζ˜ (2) = {x, Px, y, Py, λ, ρ} . (57)
The elements of corresponding symplectic one-forms are given by
a˜(2)x = Px, a˜
(2)
Px
= 0, a˜(2)y = Py, a˜
(2)
Py
= 0, a˜
(2)
λ = xPy − yPx, a˜
(2)
ρ = y. (58)
Thus, we obtain the second-iterated symplectic matrix as
f˜
(2)
ij =


0 −1 0 0 Py 0
1 0 0 0 −y 0
0 0 0 −1 −Px 1
0 0 1 0 x 0
−Py y Px −x 0 0
0 0 −1 0 0 0


. (59)
Here, the second-iterated symplectic matrix f˜
(2)
ij turns out to be non-singular and thus we
can find it’s inverse in a straightforward manner as
(f˜
(2)
ij )
−1 =


0 1 0 y
x
0 y
x
−1 0 0 Py
x
0 Py
x
0 0 0 0 0 −1
− y
x
−Py
x
0 0 − 1
x
−Px
x
0 0 0 1
x
0 1
x
− y
x
−Py
x
1 Px
x
− 1
x
0


. (60)
Moreover, the elements of (f˜
(2)
ij )
−1 gives the basic brackets existing in the theory. We have
listed them as below
{x, Px} = 1 = −{Px, x}, {x, Py} =
y
x
= −{Py, x}, (61)
{Px, Py} =
Py
x
= −{Py, Px}, {Py, λ} = −
1
x
= −{λ, Py},
{x, ρ} =
y
x
= −{ρ, x}, {y, ρ} = −1 = −{ρ, y},
{Px, ρ} =
Py
x
= −{ρ, Px}, {Py, ρ} = −
Px
x
= −{ρ, Py},
{λ, ρ} =
1
x
= −{ρ, λ}.
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As we have already pointed out the existence of gauge symmetry in the theory. We can
obtain these gauge symmetries from the zero mode of the respective singular symplectic
matrix (cf. (54)) which act as the generators of the gauge transformations. Thus, the gauge
transformations (δ˜) of the theory, in Cartesian coordinate, can be explicitly given as
δ˜x = yκ(t), δ˜Px = Pyκ(t), δ˜y = −xκ(t), δ˜Py = −Pxκ(t), δ˜z = −κ˙(t), (62)
where κ(t) represents the time-dependent infinitesimal gauge parameter. It is straightfor-
ward to check that our first-order Lagrangian remains invariant under this transformation
(i.e. δ˜L
(0)
f = 0).
3.1 Interpretation of Lagrange Multipliers
Here, in Faddeev-Jackiw formalism for Christ-Lee model in Cartesian coordinates we ob-
tained basic brackets amongst Lagrange multipliers and physical coordinates (cf. (61)
above). As we have already mentioned that the brackets involving Lagrange multipliers do
not exist in Dirac formalism. Similarly, as discussed in the previous section, we obtain a
new insight about these Lagrange multipliers from the symplectic equations of motion as
written from (55)
f˜
(2)
ij
˙˜
ζ (2)j =
∂V˜ (2)(ζ˜)
∂ζ˜ (2)i
, (63)


0 −1 0 0 Py 0
1 0 0 0 −y 0
0 0 0 −1 −Px 1
0 0 1 0 x 0
−Py y Px −x 0 0
0 0 −1 0 0 0




x˙
P˙x
y˙
P˙y
λ˙
ρ˙


=


2V x
Px
0
Py
0
0


. (64)
From above relation (64), we obtain
λ˙ =
2V x+ P˙x
Py
=
x˙− Px
y
=
Py − y˙
x
,
ρ˙ = P˙y +
2V xPx
Py
+
PxP˙x
Py
= P˙y +
x˙Px
y
−
P 2x
y
= P˙y +
PxPy
x
−
y˙Px
x
, (65)
here the Lagrange multipliers can be expressed as the combination of generalized coordi-
nates and generalized momenta.
4 Conclusions
In our present investigation, we have derived the constraints present in the Christ-Lee
model and performed quantization a` la Faddeev-Jackiw in both the polar and Cartesian
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coordinates. However, to obtain new constraints, we used modified Faddeev-Jackiw method
which makes use of the consistency condition of constraints analogous to Dirac-Bergmann
approach. Even after incorporating all the obtained constraints into the Lagrangian through
the Lagrange multiplier the resulting two-form symplectic matrix turned out to be singular.
This clearly indicated that the underlying theory is a gauge theory. Thus, to quantize the
theory, we appropriately chose the gauge conditions which, in turn, made the two-form
symplectic matrix to be non-singular. Thus, we obtained the basic brackets from the
inverse of this non-singular symplectic matrix in both the coordinate systems. Further, we
inferred that the zero mode of the symplectic matrix gives the form of gauge transformations
present in the theory. Finally, we provided new interpretation of Lagrange multipliers in
terms of physical coordinates of the system.
It will interesting to figure out constraint structure and quantization of fractional Christ-
Lee model within the framework of modified Faddeev-Jackiw formalism. Another captivat-
ing venture is to study this model within the framework of BRST and superfield formalism.
These issues are presently being investigated and our results will be reported elsewhere [24].
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